Chapter 3: Exponentials and Logarithms

Lesson 3.1.1

3-1. See graph at right.

kf (x) 1s a vertical stretch to the graph
of f(x) with factor k.

3-2. See graph below. f(kx)
is a horizontal stretch to
the graph of f(x) with

8
1
factor ‘-

Fo=(-1

3-3. See graph at right. —f(x)
reflects f(x) across the x-axis

f(=x) reflects f(x) across the
y-axis.

fx)=x3—4x+2
f(x)=3(x3-4x+2)
v Fo=1d-4x+2)

1 a(- b2

"
A Y

15 ta— =203 - 4x+2)

=—1(x¥-4x+2)

[
1
1
)
[}
I‘
]
\

fx)=x3—4x+2

fe=(5)' -4 (1)+2

27x3 +12x+2

_—‘z§x3+8x+2
1

|

F(x) = 6-2%)3 — 4(=2x) + 2
:<___ 1Y
¥

'« f(X)=x—4x+2

)= (x)° = 4(=x)+2

X

L

fx)=—(x3-4x+2)

1
1]
!

fx)=(2x)* —4(=2x)* +3

=16x* —16x2 +3
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Review and Preview 3.1.1

b treo=x
f(x)=3x"—3 p
3-6. See graph at right. (x) = (3x)—
f X X ’/’f(x)Z(%x)
a.  Vertical stretch > i N
b.  Horizontal compression 1-5
c.  Horizontal stretch )
'I Y
3-7. g(x)=(3x)% =33x3=27x3, which is a vertical stretch.
3-8. Original f(x):
X —6 —4 —2 0 2 4 6
fx) —4 —4 0 4 2 2 2
a. New function:
X —6 —4 —2 0 2 4
f(x) —2 —2 0 2 1.5 1 1

b. New function:

Each y-value is halved, thus this is a vertical compress and the new expression is % f(x)

X —6 —4 —2 0 2 4 6
fx) —4 —4 —4 4 2 2 2
We can see this new function is horizontally compressed with factor % thus the new
expression is f(2x) .
c.  New function:
X —6 —4 -2 0 2 4 6
fx) 2 2 2 4 0 —4 —4

We can see all of the y-values are reversed from the original. Thus, the new expression

is f(—x).

CPM Educational Program © 2012

Chapter 3: Page 3

Pre-Calculus with Trigonometry



@

5

3-10.

3-11.

3-12.

a.

b.

0.7 =5 so 1007 =107/10
1007 =107/10 = 101107 = (10Y10)" Thus =L .

7 7
(1011)" =("%10)
When not using a calculator, taking the root first makes the number you are raising to a
certain power that much smaller, so the work is simplified.

(101/10 )7 :(‘%)7 =5012

1097 =5.012 . The answer is the same.

10971 =5.129 , too large. 1096% =4.898 , too small. 10°9%° =5.000 is exact up to 0.001.
Since we can rewrite 10* =5 as log;, 5 = x, calculating log 5 = 0.69897... gives several
more decimal places instantly.

9% =(3?) =32 and 3% =3-3% =3 Also, 25" =(52)* = 5> and 5% =55,
Thus 32% = 3'"% and 2x=1-x. Thus 5** = 5% and 2x = 5.
3x=1 The only x that satisfies this equation is x = 0.

x=1
The slope of the line connecting A(-2,3) and B(4,-5) can be found by:
=S-3_8__4

4+2 6 3

The midpoint of the line can be found by: M = ( _22+4 , %) =(1,-1)

Point-slope form: y —y; = m(x — x;)
The slope of the perpendicular bisector is the negative reciprocal of the line connecting the
two points, or m = % . Using the midpoint (1,—1) in point-slope form we get:
=3
y+l=2(x-1)

m =

Clockwise angle is negative. Angle is — 7%=~ 27” radians away from zero.
Counter-clockwise angle is positive. Angle is 27 + % + 27” = ”Tﬂ radians away from zero.
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3-13.
a. APAT jsisosceles with PA=TA | Thus, (ﬁ)z + T_)2 = (ﬁ)z =82=64

—\2  (=\2  (==\2
(PA) +(PA) =(PT) =64
—\2
2(PA) =64
(PA) =32
PA=+32=,(2-2)-(2-2)-2
=42
_TA_PA_ 42 2
b. sinP=—s=—=——=—
PT PT 8 2
PA_ 42 2
C. cosP=—=——=—-
T 8 2
3-14.
a.  See graph at right. Y
b.  From the graph, we can see the zeros are x=0,2 and
the range is 2<y<4. o \
c.  See graph at right. \(i =
(x—=1? for —2<(x-1)<l1 i
d.  hx)=f(x-1)=
2-(x—-DforlI<(x-1)<4
=12 for —1<x<2
“3-x  for 2<x<5
e.  From part (c) we see the zeros are x =1,3 and the range is —2<y<4.
Lesson 3.1.2
3-15.
a. y=a-b* with (x,y)=(2,18) and (x,y)=(4,162) we get: 18 =a-b?

162=a-b*
b.  In the first equation, solve for a: a = % . Substitute this value for a into the second
equation: 162 = ;—g-b“ =18 572 -b* £18 .52 or 162 = 1852

c. Solve for b: a=18

b2
18-b2 =162
2 _ 162 _
b2 =12=9
hb=3

d. Use b=3 tosolvefor a: a=->=-<

18 _ 18 _ 18 _
»2 32 9 =2
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e.
3-16.

3-17.

3-18.

3-19.

3-20.

a.

b.

3-21.
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The final equation y =a-b* can be written as: y=2-3%.

!

0

1

2

3

4

5

6

S()

36g

18¢g

9¢

4.5¢g

2.25g

1.125g

0.563g

Using S(t)=A-b' and the points (z,5(¢)) = (0,36) and (¢,5(¢))=(1,18) (or any two
points) we get: 36=A-b" =36=A
18=A-b' =18=36-b=b=1

Thus, S(¢) = 4-b" may be written as: S(z) = 36-(%)t )

¢ (min) 0 3 6 9 12 15 18
Number of

half-lives 0 ! 2 3 4 > 6
B(¢) 60g 30g 15¢ 7.5¢ 3.75¢g 1.875g | 0.938¢g

Using B(r)=A-b" and the points (¢, B(t)) = (0,60) and (¢, B(¢)) = (3,30) we get:

1/3
60=A-b" = A=60 P=l=b=(1) =b=079%

30=A-b>=30=60b3
Thus B(r)= A-b' may be written as: B(t)=60-(0.794)" .

There will be % units in ¢ minutes because % = number of half-lives or because each half
life is 3 minutes.

B()=60-(0.5 )/3 because C =60 is the original amount and because % is the number of
halfl—lives in ¢ minutes. During every half-life, the amount of Bromine-85 gets multiplied

Using Total = C - (percent)” where the original amount saved is C = $400 , and the percent
of savings left after each year (i.e. k=1)is 1-0.1=0.9 % we get: Total = 400-(0.9)" .
After t =5 years, the total amount left is: Total = 400 -(0.9)° = $236.20 .
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Review and Preview 3.1.2

3-22.
a.

3-23.

3-24.

3-25.

3-26.

3-27.

We have two points: (¢,d)=(0,110) and (z,d)=(5,90) . First, write a system of two
equations, then solve for k and m.

— 0 — —5/9 _5/9 _
110 =km® = 110 = k m=32 =32 =0.961

90 = km> = 90 =110m
t
The particular equation is d =110 - (%/% )

15
d=110- (%/%) =60.248 The temperature of the coffee is: 60.248 + 70 =130.248°F

f(x)=3x2 — x reflected over the x-axis is f(x)=—(3x% —x)=-3x2 +x.
f(x)=3x2 — x reflected over the y-axis is f(x)=3(-x)% —(-x)=3x2 +x.

4
34 =1587 b. (K’/ﬁ) =2512 c.  19710.000 =2.512

Circumference equation: C =27zr = 2710cm = 20zrcm
Area equation: A = 77> = £(10cm)? = 1007rcm?

%of the circle is shaded so the area and arc length of the NON-shaded portion are:

A=2(100rem?)=75zrcm? € =3 (20wem) =15wcm
2x b 5x2+2x c x+2
xX—y : x2—4 : x—1
11 9
11t 1ty 41 _ 1 ro1 41t 4 1 4 1 4 1 _ _1
3ty tst oty F O ztytst -+t =iataatsa T Tos Zk+2
k=3 k:l
14
1,1, 1 4 1L __ 1 1 1 1 - 1
sttt T3 et 2o T2 T T 2aay+2 22k+2
k=1

6
148427+ +216=(1)3 +(2)* + 3P+ +(6)3 = ) &
k=1
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3-28.
a. A=(1,4) and B=(5-2). d=+/5-1)?+(2-4?2 =32

b.  midpoint=(1%>,452)=(3,1)

2 02
foa e —=2-4 __ 6 _ _
c.  Theslope of the lineis: m=—===—-=

Point-slope form is: y—y; = m(x—x;).
Use point A =(1,4) to get: y—4:—%(x—1) or y=—%(x—l)+4

8w

Use point B =(5,-2) to get: y+2:—%(x—5) or y:—%(x—S)—2

3-29.

a. Attime =0 Jenny’s heart rate was 85 beats per minute (bpm).

b.  Jenny’s heart rate reached 140 bpm around 17-20 minutes in to her run. Her heart was at
least 140 bpm for 5-8 minutes.

c.  The area under the curve represents the total number of heartbeats in the 25 minutes she
was on the treadmill.

3-30.
Let a=3,b=IN,c=6. Using the Pythagorean theorem: 32 +b% =62

b.  Using SOHCg/A_HT\/(zAwefind cosP=LL=2=7 b=+62-32=3J3=1IN
. p_IN _ 3 _ 3

C. sin P = N6 =3

Lesson 3.1.3

3-31.

a. f(2x) = (2x)? transforms f(x) by a horizontal stretch by % or a horizontal compression
by 2.

b.  fQ2x)=(2x)?=2%2-x?=4x?=ax?,thus a=4.

c.  g(x)=ax*=4x? gives a vertical stretch by 4.

f2x)=Q2x)? =22 -x2=4x%, g(x)=ax®> =4x2, 4f(x)=4(x?)=4x>
Thus f(2x)=g(x)=4f(x) because they have the same equation.
e.  Yes, two different transformations may give the same result. This is not true for any

function f(x). Example: Exponent Laws: x*™0 = x¢ . xb

3-32.

a. Letting y=2"* and g(x)=3-2" we see that g(x) isa
vertical stretch of y by a factor of 3.

b.  See graph at right. J

c.  The y-intercept of g(x) occurs when x =0 X
ie. g(0)=3-2"=3. This gives the point (0,3).
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/
3-33. o

a.  h(x) is a vertical stretch times 3 and a shift up by 1. ‘—/

b.  See graph at right.

c.  From the graph of /(x) we can see that the horizontal
asymptote occurs at y=1.
d.  The y-intercept occurs when x=0. i.e. h(0)=3- 20+1=4.
This gives the point (0,4) .
e.  The y-intercept occurs when x=0. i.e. y=A-2*+ B when
x=0 gives y=A-2°+ B=A+ B . This gives the point (0,A+ B).

3-34.
2.3%#1=2.37.31=2.3.3r = 6.3

3-35.

a. y=2" is shifted left 2 units and stretched vertically by 3 to get y = k(x).

b.  The y-intercept of y = k(x)=3-2*2) occurs when x=0.
y=k(0)=3-20%2) =3.22 =12 giving the point (0,12).

c. Toensure m(x)=A-2"* has the same y-intercept, use the point (x,m(x))=(0,12) to get:
12=A-29=4A=A=12 Thus, m(x)=12-2*.

d.  k(x)=3-2042) =3.2¥.22=3.22.2X = [2.2¥ = m(x) Yes, k(x)=m(x).

a.  f(x+2)=3-40%2)=3.42.4¥ =16-(3-4%) =16 f(x)

b.  flx-D=3-40"D=3.471.4v=1.3.49=1 f(x)

6-40%2) =6.42.4*=6-16-4 =96-4*=A-4* = A=96

a. y=70+3) =73.7% = 343(7%)
b. y=12(5x—2)+7=12(5—2-SX)+7=5‘—§(SX)+7:0.48(SX)+7

a. 527 =(5%)*=25"

b. 32x-3 - 3-3.32x — 33 ,(32)x — %(9))5

3.1.3 Review and Preview

3-41.

a. 5302 =5.3v.32-5.32.3¥=45.3" = A.3° = A=45

b. 21_5.5(x+4):L2.5x.54:5—2.54.5x:5—2+4.5x:52_5x:25,5x:A,5x — A=25
5

c. 16-204) =24 .9x 24 =04 24 . px —24+4 Jx — 28 X —056.2¥ = A.2¥ = A =256

d. 15-3(’“‘2):3‘1-3‘2-3’“:3‘1‘2-3x:3‘3-3x:3i3-3x:%-3x:A-3x=>A:21—7
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3-42.

a.
b.

3-43.

3-44.

3-45.

3-46.

A TN s

6-2(4”3)—6-2“-23—6-23-2‘”—48-(24)"—48-(16)’“
183034 =18.33* .34 =18.37%. 33’“—18 L@y =322 =527

g(r+3) = 32 b 272 =(4)
23 (x+3) — 25 (x=1)
(27) (33)2x — (Lz)

23x+9 — 95 3

3x+9=5 =D

3y =—4 36x — 3—2x+2
’ 8x=2
=1

f(5)=2,f(=2)=2,f-D=2,f/(0)=1,f(D=0,f(2)=-1 f(3) =0, f(4)=1,f(5)=2
8(=5)=6,8(-2)=06,8(-1)=4,2(0)=2,8(1)=0,8(2)=2,8(3) = 4,4(4)=6,8(5) = 6
From inspection we see the minimum is shifted to the left by 1, there is a vertical stretch by
2 and a vertical shift by 2. Thus, g(x)=2f(x+1)+2.

2
1 241
t+t: t :z2+1 1:t2+1 b 1 =——1 X __ X
t t t ot 2 ﬁ x2+y2 2+y2 a24y2

x+x X

b V3 1 V2 _ 22

2 _N3.2_/3 d =12 -2 _2 N2_2N42_ [p

121 V3 V20 V2 2 2 22 V2
2

Y4 -1=(4-B-D+(4-43-D+(4-53-D+(4-6% —1)=107+255 + 499 + 863 = 1724

Ay 1141 1 1 1 1
+ . + + . ) 0.4 (1 6+1-:04 + 1.6+2-0.4 + 1.6+3-04 + 1.6+4-04 + 1.6+5-0.4)

— 1
- 0‘42 1.6+0.4i
i=1
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3-48.

a.  From Pythagorean theorem we know: C_A2 +BA” = C_B2 = 52+5%2= C_B2
50=CB’
/50 = CB
52 =CB
-5 L
b sinC = sE-h
e, L_1 . 32_42
o2 2 22
3-49.

7
a. Y A4n-T=43-N+@4-1+& 5-1+& - 6-7)+(4 - T-7)=5+9+13+17+21
n=3
8
b, D (D) =2+ (D (D DO+ (DT (DB =11+ -1+ 1-1+1
j=2

Lesson 3.2.1

3-50.
x =3, because two of the points have an x-value of 3.

3-51.
a. Yes. {(2, 6),(-5,1),(-7, 4)} is a function because every input (x) has only one output (y).

b.  Answers vary. Example: {(2, 6),(-5,1),(-7,4),(2, 7)} is not a function because the input
2 corresponds to two outputs: 6 and 7.

3-52.

a. x=y?

b.  x=y?is not a function because it does not pass the vertical line test.
c. y= |x ,y=x*,y=x3—4x all have inverses that are not functions.
3-53.

a.  See graph above right. If y=(x—2)?, then the inverse
relation is x = (y—2)?. Solving for y yields
y= +Jx+2. A range that will make this a function is
y=22ory<2.

b.  See graph below right. If y=x? —4 , then the inverse
relation is x = y?> — 4 . Solving for y yields
y=%+vx+4 . Arange that will make this a function is

y20or y<0. \\
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3-55.
g(x):x%’_—xz . Replace g(X) with yoy=

2x
x+2

Solve fory: x(y+2)=2y

xy+2x=2y
xy—2y=-2x
y(x—=2)=-2x

3-56.

Yes. f and f~! undo each other. The situation is symmetric.

3-57.

Switch x and y: x=—==.

y+2

fl(x)=x3+6. Replace f~!(x) with y: y=x>+6. Switch x and y: x=y3+6.

Solve for y: x—6=y>
(x-6)3=y
x-6)P=fx) or fx)=Yx—6

Review and Preview 3.2.1

3-58.
a. Yes. Switch x and y.
b. x= |y| does not pass the vertical line test.

c.  The graph of y= |x| is the reflection of x = |y| over the line y=x.

x forx=>0
d. y:|x|:

—x forx<0
3-59.
Flo =
. Cy— . Ce_ Y
Replace f(x) with y: y=—7. Switch x and y: X=
Solve for y: (y+Dx=1y
yX+x=y
yX—y=-x
yx—1)=—x
_ - _ -1
Y=o 2=l O
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3-60.

1 (2x-3) 1 _
() =L 302x-3)=-2
1 \(2x=3) o _
(5—3) =% —6x+9=-2
57303 =572 —6x=—11
X = % by
3-61.
a.  x?+2y=1 2x—y=2
2y=1-x2 —y=2-2x - ) -
) =-2+2x
y=13 g \\
b.  See graph at right. Points of intersections are: \
(1,0) and (-5,-12) Y o\
3-62.

X+Yy _xty _ x+y xy

a. l+ - Tty = Fy =Xy
y xy
T e T €0 ) €0 ) W e e ) DD
: x+y x x(x+y) T x(x+y) T x(x+y)

3-63.

a. 2%=80D b. 47 =802 c. 7072243 =
X — (23)(x—1) — 23x—3 (22)—x — (23)(x+2) 7(1/2x+3) — 70
x=3x-173 2—2x — 93x+6 %x+3:0
3=2x —2x=3x+6 %x:_g,

_3 —6=
x=3 6=>5x r=—6
-
3-64.

Let ZA=35°. Let B be the point of the first measurement with angle 42°. Let D be the
point at the peak of the mountain. Draw a vertical line from B to create a smaller, right
triangle. Let E be the intersection of the vertical line emerging from B.

Find the height of the line BE by: tan(35) = % , BE =1200 tan(35) = 840.249
We also know the following angles:

Z/ABE =90°, /BAE = 35° ZBEA =180°—-90° — 35° =55°
ZBED =180° —55° =125° ZEBD =180° —90° — 42° = 48°
ZEDB =180°—-125°-48°="7°
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Solution continues on next page. —
3-64. Solution continued from previous page.
BD _ _ 840249
sin(125) sin(7)

BD = 83?1.(274)9 -sin(125) = 5,647.784

Knowing this, we can find BD:

Now we can find h: sin(42) = 56441.784
h=15647.784 sin(42)
h=3,779.11 ft

3-65.

a.  For the left piece of f(x) the slope of the line is m =1 and the y-interceptis b=2.
Using the equation for a line (y =mx+b) we get: f(x)=x+2 for x<O0.
The right piece of f(x) is a parabola shifted to the right by 2 and down by 4. Using the
equation for a parabola y = (x+h)?> +k and letting 7 =-2 and k =—4 to get the
appropriate shifts, we get: f(x)=(x—2)> —4 for x >0.

x+2 forx <0

Combine these to get: f(x) =
get: /(0 {(x—2)2—4 forx>0

b.  See graph at right.

gx)=f(x+2)+1
(x+2)+2+1 forx+2<0
{((x+2)—2)2—4+1 forx+22>0
{x+5 forx < -2

x2-3 forx>-2

3-66.
To find b so that there is only one intersection point, the discriminant must equal 0. The
discriminant is the part of the quadratic formula that is inside of the Square root.

2x+b=x2-6x+6
x2-8x+(6-b)=0

8+/82-4(6-b)

Using the Quadratic Formula: x, , = 3

_ 8+\40+4b
2
There is only one intersection point if: v40+4bH =0
40 =—4b
b=-10
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Lesson 3.2.2

3-67.
a. b. x=5
X y
625 4
1/5 -1
5 1
125 3
1 0
-1 Undefined
0 Undefined
25 2
1/25 -2
2.236 1/2
3-68.
a. logs(625)=4 because 54 =625. b. y=logs(x)
3-69.
a. logs(625)=4 b.  logs(125) =3 because 53=125.

c. logs5(25) =2 because 52=25.

3-70.

a. log,8=3 because 2°=8. b.  loge(1296) =4 because 6% =1296.
c. logy (%) =2 because 772 = 4%9. d. logg3 =% because 92 =3.

3-71.

a. y=7" can be rewritten as x =log; y.

b. log, x =1y can be rewritten as 4¥ = x.

c. 11”7 =x can be rewritten as y =log;; x.

d.  W* =B can be rewritten as logyy B=K .

e. K =logy B can be rewritten as B=WX .

log/3 P=Q can be rewritten as P = (%)Q .

i

3-72.
log 100 = 2,10g(3.162) = 0.5, etc indicates that the calculator uses base 10 because:

102 =100,10%5 =3.162 , etc.
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Review and Preview 3.2.2

3-73.
b >0 because log;, x =
3-74.

log x
log b

a.  From Pythagorean theorem: (RA)? + n? = (2n)?

and log(b) can only take values b >0.

(RA)? = (2n)* — n?

(RA? =4n?—-n
(RA)? = 3n?
RA=n3
. . _ _1
b. . st—2”—n—§ C.
. _n3_\3
ii. cosR—”2n =5
_n _L_ﬁ
11i. tanR—n\/g—\E— 3
3-75.
a. logs5=1 because 5! =5 b.

c. logs (%) =—1 because 57! =%

log; 81=4 because 3* =81

sinR _ Y2 _ 1.2 _ 1 a0 R

csR ™32 2 3 3

logs 1=0 because 5° =1

32=9. 9 goes into the logy machine. log; 9 =2 because 32 =9.

logy; x=1y
x=73Y

3
a
b
c. 3*=y. logzy=1log;3*=x because 3* =3".
d
e
f.  Yes. 3>0,s0 y=logsx means x=3".

Area of a triangle is A = %b -h where b=15cm . Let ZA =36°, /B =25° then, if we call
this triangle AABC then ZC =180° —36°—25°=119°.

: : ._CB __ _15
Using the sine rule we know: Sn(36) = sn(119)

R__ 15 _
= Sn(i19) sin(36) =10.081cm

From C, draw a line perpendicular to AB . Let D be the point where this line intersects
AB . Because ABCD is a right triangle we know: sin(25) = -2

CD =sin(25)-10.081 = 4.260cm .

10.081

Thus, the height of the triangle is & =4.260cm and the area is:

A=1(15cm)(4.260cm)=31.952cm?
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3-78.
a.  To break the interval (2,5) into six pieces, the width, x, of the rectangles will be
5- 2)% =6; x= % . The area of each rectangle is A=b-h where b= % and h=3x2.
5
The area in sigma notation using left-endpoint rectangles is: % Z 3(0.5k +2)?
k=0

6
b.  To use right-endpoint rectangles: % 2 3(0.5k +2)?
k=1

5
c.  To use midpoint rectangles: % z 3(0.5k +2.25)?
k=0
d. To estimate the area using trapezoids, average the left- and right-endpoint results.

3-79.
JA)=-6,f(=3)=-1Lf(=2)=2, f-D=3,f(0)=2,f(D=-L f(2)=1f(3)=3,f(4) =5
g=D=7,80)=2,8()=-1,8(2)=-2,803) =-1,8(4)=2,8(5) = 0,8(6) = -2, 8(7) = —4
It is clear from the graph that g(x) is a vertically flipped version of f(x). The function is
then shifted to the right by 3 and up by 1 to get: g(x)=—f(x-3)+1 .

3-80.
1
a. 8(4)* = 3f1/2* b. (%)(x+ ' 125
(23)(22)x — (2—)()1/3 (5—2 )(x+1) — ((53)){)1/2
23+2x — p—x/3 5-2x=2 _ §3x/2
3+2x=—§ _2x_2:%
9+6x=—x —4x—4=3x
Tx=-9 —4="Tx
—-_9
- _—
3-81.

a.  f(x)=g(x) when x2 =—x24+2x+4 = 2x2-2x-4=0.

Je42-a2)—4)
o= 2NEH7-40H) 2J_r4J% 256 _ _1 9

202) =4
When x=-1, f(-1)=g(-1)=1. When x=2, f(2)=g(2)=4. Thus, the two

intersection points are (—1,1) and (2,4).

2
b. j(—x2 +2x+4—x2)dx=9 units
-1
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Lesson 3.2.3

ny

3-82.
a. Let y=log, x. This can be rewritten as 2¥ = x . The inverse of this function is: 2* =y .
b.  The domain of 2* =y is all real numbers, the range is y >0 .
c.  See graph at right.
d.  See graph at right.
e.  See graph at right.
f.  Domain: X >0, Range: all real numbers.
g.  Domain: X >0, Range: all real numbers. -
h.  The graphs have the same general shape. The graph of
y=log, x is vertically stretched. They have the point
(1,0) in common.
3-83.

a. Toget y=5log, x,stretch y =1log, x vertically
by a factor of 5. The vertical asymptote is x=0 .

b. To get y=1log, x— 3, shift y=1log, x down 3 y==logy x _»

units. The vertical asymptote is x =0 .
c. Toget y=1log,(x—3),shift y=1log, x 3 units to
the right. The vertical asymptote is x = 3.

y=—log,(x+4)+1

F

d. To get y=-log, x ,reflect y=1log, x across the <
x-axis. The vertical asymptote is x=0 .
e. Toget y=-log,(x+4)+1,shift y=1log, x 4
units to the left then reflect y =log, x across the
x-axis, and shift if up by 1 unit. The vertical
asymptote is x =—4.

3-84.

a. Domain: x >0. Range: all real numbers.
b. Domain: x >0. Range: all real numbers.
c.  Domain: x > 3. Range: all real numbers.
d. Domain: x >0. Range: all real numbers.
e. Domain: x >—4. Range: all real numbers.

3-85.
f(x)=1og, x=10 when x=2'0=1024 .

3-86.
f(x)=log, x =20 when x =220 =1,048,576.

3-87.
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To get a y-value of 20 you would have to go 1,048,576 units or
0.25 Inches .1 048,576 units = 262,144 inches or = H2%—. 262,144 inches = 21,845 333 feet

12 inches
_ Imile  _ B .
or = gt =21,845.333 feet = 4.137 miles

Review and Preview 3.2.3

3-88.
See graph at right.
f(x): Domain: all real numbers. Range: y>0.

There are no zeros. *
g(x): Domain: x >0. Range: all real numbers.

Zeroes: x=1.

3-89.
f(x)=3%and f~'(x)=log; x
a. f(4)=3*=81 b.  fl(8D)=log381=4 ¢ f(-2)=32=3

A f($)=logsi==2 e f(1)=3"=13 . 7 (V3)=logsV3=1

»

3-90. y
See graph at right.
f(x)=logs(2+x)
Domain: x > -2 Range: —co <y < oo H
3-91.
a.  4x?—y?=(2x+y)(2x—y) b.  9z22-y?=(Bz+y)3z-y)
3-92.
f(x)z%f. Let y:%f. Switch x and y: x=%y3.
Solve for y: 2xy=y+3 y= 2x3_1
2xy—y=3 - -3
vy =55
y2x—-1)=3
3-93.
a.  Vertical Stretch by a factor of 2. b.  Horizontal compression by a factor of 2.
B i /_ Cpen
1 2f(x) R
6 4 2 \ / 4 6 6 4 2 2 4 6
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Solution continues on next page. —
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3-93.
c.

3-94.

3-95.

3-96.

Solution continued from previous page.

Flipped over the x-axis. d.  Flipped over the y-axis.
I Ll ; I Loty ]
BRiC) 1o _ % S0
2 L 2
N\
-6 -4 1 -2 DD 4 6 » -6 -4 \3 DD 2 4 6 »
r\__1n r n_1Irx
—(ﬂ+6)— 6 b. m+3+5=7

As x increases from 2 to 4, y increases from 36 to 81. Thus, the function is increasing.
Use the form y = A-b* and the points (2,36) and (4,81) . First, substitute in (2,36):
36=A-b%. Solve for A: 36-b> = A. Use this value of A when substituting in the point
(4,81): 81=36-b72-b*.

Solve for b: 81=136-b2 Use this value to solve for A: 36-b2=A
2.25=b? 36-(15)2=A
V225=b 16=A

1.5=b

Thus, the exponential function that passes through the two points is: y = f(x)=16(1.5)*.
To have a horizontal asymptote of y =20, the function in part (b) must be shifted up by 20:

F(x)=16(1.5)% +20
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y_x
a (1—£)(1+l) b S
y X.}_l
X
|4x_x_x2 ’
y y y2 y2—x2
xy
1— 22 7.2t
2 ye+x
y o
2 ox2 2 2
2 L+
y x2+y2
(252 (2 +y?)
x2+y2
2y2
x2+y2

CPM Educational Program © 2012 Chapter 3: Page 24 Pre-Calculus with Trigonometry



Lesson 3.3.1

3-97.

a.  Yes the entries are correct. b. No, this relation does not hold.

c. log2+1og 3=0.301+0.477=0.778 d. log2+log4=0.301+0.602=0.903
log 6=0.778 log 8 =0.903
log2+1log3=1og6 log2+1log4=1log8

e. log3+log4=0477+0.602=1.079 f. log x +log y = log xy

log12=1.079
log 3+1log4 =log12

a. logz9+log;27=35 and logs(9-27)=1og; 243 =75, thus, log; 9 +log; 27 =log;(9-27).
b.  log, 8+log, 4 =2 and log,(8-4)=1log; 32 =2, thus, log, 8 +log, 4 =log,(8-4).
c. Bothsides=-3

3-99.
Problem 3-98 does not prove that log; x +log;, y =1log, xy. Showing a relation holds for

three cases does not show it holds for all cases. This pattern may break down with more
examples. We have not shown why this pattern is always true, yet.

3-100.
a. log6—1og2=0.778-0.301=0.477 and log 3=0.477 , thus, log6—log2 =1og 3.
b. log8—log4=0.903-0.602=0.301 and log2 =0.301, thus, log8 —log4 =log?2.

c. logx—logyzlogi

3-101.
Let M =8 and N=2. Then log($)=1og4=0.602

log8 _ 0.903 _ 3

log2 = 0301 —
8 log 8

10g (5) * log 2
3-102.
a. 2log2=2(0.301)=0.602 =log4 b.  3log2=3(0.301)=0.903 =log 8
c. 4log2=4(0301)=1.204=1ogl6 d. nlogx=Ilogx"
e. —2log5=log572=logs f.  0.5log64=1og64°3 =1log 8
3-104. 1oV ”

Let log x =N so that 10N =x. (%):(m_M)ZION_

Let logy=M so that 10 =y

X
log(y
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3-105.
Let log x= M so that 10M = x. x" :(IOM )n =10Mn
log x" = log (IOM” ) = Mn

log x" =nlog x
Review and Preview 3.3.1

3-106.
a. In(3-2)=1.792 and In3+1In2=1.792. Thus, In(3-2)=In3+1In2.

In3 =0405 and In3-1n2=0405. Thus, In3=In3-In2.

In3?=2.197 and 2In3=2.197. Thus, In3?=21n3.
The three log laws work in these and all other cases.

b. log, b=1 because b' =b.

c. Example, n3=1.099. x!%%° =3 when x=2.718..
The base of the natural logarithm is X =2.718

3-107.
a. logz 81=4 because 3* =381, b. logs \/_:% because 572 =5 .

c. logy % = -2 because 472 = % .

3-108.
a. log4+log2—log5=1log(4-2)—log5=1og8—1log5 =10g%

b. logy M +2log, N =log, M +log, N* =log, (M -N2)=10g2 MN?

3-109.

log, x=y can be rewritten as 4 =x. 4’ = 2% = x can be rewritten as log, x=2y.

Solving for y gives: %10g2 xX=y.

3-110.
_ 8 2r _ _ 5
a. 2m+5+E=°F b. -Z-2Z-_31
3-111.
a. f(x):y:\3/3x—5 .Switch x and y: x=3/3y—5. Solve for y: x3=3y-5
x3+5=3y

45—y ()
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Solution continues on next page. —
3-111. Solution continued from previous page

b. gx)=y= Zx 1 . Switch x and y: x =5— 3 . Solve for y:  x(3—y)=2y-1
3x—xy+1=2y
3x+1=2y+xy

3x+1=y(2+x)

y=31=g"®
c.  h(x)=y=logs(x—1).Switch x and y: x =log;(y—1).
Solve for y: 3* =y—1

y=3"+1=h"1(x)

3-112.
a.  Since this is a right triangle we know: AC? + BC? = AB? or

(n\/E)2 + (nx/i)2 = AB?
2n? +2n? = AB?

4n®> = AB?
2n=AB
b.  Using the law of sines: snl;l/i = Sinz#
2nsin A=n2

sinA=%=ﬂ

2

C. sin A = Q no matter the value of n.

d. sin45°= £ always.
i _ 2

e.  cos45° =cos A== =" always.

3-113.

f(x) will be continuous at x=0 if ax> +b=2ax+5 when x=0 or b=5. F) will be
continuous at x =1 if 2ax+5=3x—b when x=1 or 2a+5=3-b=3-5=-2
2a=-2-5
a=—=

2
3-114.

a y=16(3"" =16(3)7 (4) =83 =8 (L)

b, y=100(25)V2*"1 =100(25)"2%(25)7" = 4(25"2)* = 4(5)"
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Lesson 3.3.2

3-115.
Given equation 105 =2

Take logs of both sides  log 1.05* =log 2
Power Law for logs xlog1.05=log2

Divide both sides by log1.05  x= lolggl .%)5

Use calculator to evaluate x=14.207

3-116.
Let x = # of years and a = prices. Then prices have doubled at 2a . The inflation function

is a(1+0.05)". Prices have doubled when 2a = a(1.05)* = 2 =(1.05)".
log2 =1log(1.05)*  x=14.207 years.
log 2 = x log(1.05)

_ _log2 _
x—m— 14.207

3-117.
40' =40 and 40% =1600 , so maybe 40! =400? Actual answer: x = 1.624
log, 8 =3 because 2% =8. log; 27 = 3 because 3 =27.

3-118.
a.  Yesheisright. If log, 260 = x then we know that 6" =260 .
b.  We currently do not know how to find logg 260 .
c. 6* =260
log 6* =1log 260
xlog 6 =log 260

__ log 260
~ logb6

x=3.103
d.  Yes, because the x-value that satisfies 6* =260 also satisfies x =logg 260 .

3-119.

a. x=logs11 can be rewritten as 3* =11. Using the previous method: 3*=11

b. To graph y=1log; x,wecanuse y= igi; . log 3* =log 11

c.  Therange of y=1ogs x is all real numbers. The calculator plots xlog3=logll
this function by plotting discrete points and then connecting them _ logll
with segments. The next x-value to the left of x=0.21 is x=0 log 3
and log; O is undefined, so the graph stops at x =0.21. x=2.183
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3-120.
a. log; 8=19w because 3> =9 so 3'Y =8.

b.  Let logy 8 =x. This can be rewritten as 3* = 8. Taking the log of both sides as before:

log 3* =log 8
xlog3=1log8
__log8
X= log 3
Now set the two values of x equal to each other: x =log; 8 = igii

log8
. 125=1893

d.  log,8=1.893 can be rewritten as: 31893 = 8 It checks.

3-121.

a.  The initial amount is 20mg, hence 20(0.9)0 =20. Also, each hour, 90% of what was there
the hour before remains.

b.  20(0.9) =12 when (0.9) = % =0.6 . Taking the log of both sides: 10g(0.9)" =10g(0.6)

C. = iggggg; = 4.848 or t =4 hours 51 mintues. t10g(0.9) = 1og(0.6)
__log(0.6)
t= log(0.9)

Review and Preview 3.3.3

3-122.
a. Estimate 20* = 316 has a solution x = 1.9 because 202 =400 .
Actual solution: 20* =316

xlog 20 =1log 316

_log316 _
=5 = 1921

b.  Estimate (7.3)* = 4.81 has a solution x = 0.6 because (7.3)! =7.3.
Actual solution: (7.3 =481
x log(7.3) =1og(4.81)

__ log(4.81) _
= Joz(73) =0.790

c.  Estimate 160(0.5)* =8 has a solution x = 4.1 because when x=4: 160(0.5)* =

Actual Solution: 160(0.5)* =8 160 ( % )4 _
0.5)" =-2-=005
160 160 _ 160 _ 1
x10g(0.5) = log(0.05) 24 16
__log(0.05) _
~ log(0.5) 4.322
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3-123.

a. log, x*=6 b. logy x+log, 3=2
20 =x3 log, 3x=2
x=(20)/3=22=4 42 =3y
_42 _16
Y=3 T3
3-124.
a.  200(1.05)* =1000 b.  20(2.5)" —400 =600
(1.05)* =10 =5 20(2.5)" = 1000
xlog(1.05) =log 5 2.5 =50
= 101;% f)s — 32987 xlog2.5=10g50
' = s =4.269
3-125.
a. 210gm—3logn+%logp b. %(loga+2logb—310gc)
= log m? —log n> + log p"/? =%(loga+log b% —log c?)
1o 2P 2 2\V2
e =3l )=[1o225)
= log \Jab?/c3
3-126.
105 _ o
(x105)1/1.05 _ 1/1.05
x=1.935
3-127.

b.  log,2=0.693147 can be rewritten as b*693147 =2,

1/0.693147
Solving for b: (0693147 / = 21/0693147 |, =2 71828

3-128.

a.  Using Pythagorean theorem we get: PQ? +n? = (2n)? = (2n)?> —n? = 4n?> —n? = 3n?
PO =302 =3

b sin P =~ = %

c. cosP= ”2‘{? = g

d.  From the Law of Sines we know: Sii”Q =5

We also know sinQ =sin(90) =1 so: 2n=4'5 = sinP=% = P=sin"! (%)= 30°

e.  The ratios do not depend on the value of n, so they will always be the same as those found
in (b) and (c).
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3-129.
_3 __15
a. w+%=F b. 2r-n-2-4=-4F
3-130.
a.  The equation of a circle with center (4, k) and radius r is (x— h)? +(y—k)> =r2. Here,
the center is (0,0) and the radius is r =1 so the equation of the circle is: x2+y2=1.

b. Let x:% then (%)2 +y?% =

3-131.
f)= |x - 3| +4 can be approximated with:
(x-3)+4 for x >3 x+1 for x=>3
f(x)= or f(x)=
—(x-3)+4 for x<3 —x+7 for x<3
Closure temp.
Merge Problem 300°
3-132.
a.  See graph at right. 75°
b.  f(t)=am' +k where k is where equilibrium value of < i ime >
the pie, i.e. the room temperature. k = 75°F

c.  Using the form f(r)=y=am'+75 and the points (¢,y)=(2,323) and (z,y)=(5,288) we
can find values for a and m .

288 = amd +75
323=am?®+75 =288 =248m2m> + 75 248m~2% =a
= 323 - 75 = am? 288 — 75 =248 m>2 13\ 2

an " 248[(%)/ ] =a
248 = am? 213 =248m?
-2/3
-2 _ 213 _ .3 213 _
248m™—~ =a SR=m 248(%) =aqa
_ (21313
m=(33)

m=0.95055 and a =274.5, thus: f(r)=274.5(0.95055)" + 75
d. When r=0, f(0)=274.5(0.95055)° + 75 =274.5+75=1349.5

e.  When the internal temperature of the pie reaches 120°.
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120 = 274.5(0.95055)" + 75 0.164 = (0.95055)

120 + 75 = 274.5(0.95055) log 0.164 =1 10g(0.95055)
45 _ log0.164
2745 (0 '95055)[ log(0.95055) ~— t

t = 35.7 minutes
Closure Problems

CL 3-133.
a 6y b. 6
. 4
/
/ z /
—6i-4f -2 loi 2i Mi 6.1 I e ,_,,é,o """ 41t
[ [
-4 AN
Joo
C 6y d. 6y
4 4
2
-6, 44 -2 10 2\ . 6% -4 -2i o 27 e
-2
! -4
-5 ;6
CL 3-134.

a. As x increases from 4 to 6, y decreases from 80 to 20, thus the function is decreasing.

b.  The function is quartered as x increases 2 units, thus it is halved as x increases by 1 unit.

The base or multiplier for the exponential function is 1 .

c.  Using the form of an exponential functiony = m (l)x and either point (x,y)=(4,80) or

2
(x,y)=1(6,20) we can find m.

4
80 =m(1) y=1280(1)"
_ 1
80—Rm
=80-16=m
1280 = m
CL 3-135.
a.  f(x)=32)*+2 b.  f(x)=90(1.5)*2
=3.2%.22 =90-1.5%-1.572
=3.22.2%=12.2% =90-152.15=40-1.5%
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c. fo=503" d.  f(x)=64(4)/2x2
:%.32x.3:%,(32)x,3 —64.41/2x .42

=4.9% =64-(412y . L=4.2v

L
16
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CL 3-136.
a. f(x)=(x—=3)3+2. Rewrite as y=(x—3)>+2. Switch x and y and solve for y:

x=(y-33+2
x-2=(y-3)°
Jx-2=y-3
Jx-2+3=y=f"1(x
b. gkx)= % can be rewritten as y = Zx’;l . Switch x and y and solve for y:
_ 2yl
X= y+1
x(y+1)=2y—-1
xy+x=2y—1
x+1=2y—xy
x+1=y2-x)
Hl—y=¢l(x)
c.  h(x)=5-2% canbe rewritten as y=5-2". Switch x and y and solve for y:
x=5-27
$=2
log < =log2”
log<=ylog2
1 5 —
ez =y=h"00)
d.  k(x)=logs(x—5) can be rewritten as y = logs(x—35). Switch x and y and solve for y:
x=logs3(y—5)
3F=y-5
3 +5=y=k(x)
CL 3-137.
a. log, 16 =4 because 24 =16.
b. logy (%) =2 because 372 = %
c. logs \/_:% because 572 =+/5
CL 3-138. A
a.  Horizontal shift of 2 units to the right, vertical stretch
by a factor of 2, reflection over x-axis. I
: Domain: (2’ 00) -2 0 2\ 4 6 8 10 12 14 .
c.  See graph at right. -2
CPM Educational Program © 2012 Chapter 3: Page 34 B A \\)




CL 3-139.

3log, (x)+1og,(27) =1ogs(125)

First notice that logs 125 =3.

3log, x+log, 27=3
log, x* +log, 27=3

log, 27x3 =3
23 =27x3
(&) =ad=s

15(x=2)>7 =50
(X—2)3'7 — 50 _ 10

15 3
((x— 2)3'7 )1/3.7 _ (%)1/3.7
x—2=1.385
x=3.385

The process repeats for the height of the triangle.

__ height

sin90 ~ sin 30

height = sin30 _ 1

a. logzx—logs(x=2)=2 b.
log; 25 =2
2 _
3=
I9(x-2)=x
9x—-18=x
8x=18
_18_09
YER Ty
CL 3-140.
a.  20(1.05)* —50=250 b.
20(1.05)* =300
(1.05)* =15
x =log; 5 15 = oy 55 = 55.506
c. 3log,(x—2)=6
log4(x—2)=2
42=x-2
16+2=x
x=18
CL 3-141.
a.  Using the Law of Sines, sin]90 = Sli’;‘%
base = S35 = 2
1 _ b
b. sin90 sir?s6eO
_ sin60 _ V3
base = {150 =5
CL 3-142.
a. % T
~
b. £ \\ A
C. % 6 -4 -2 \
CL 3-143. ”
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See graph at right.
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